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I. INTRODUCTION
When he was arguing in support of his favorite condition, Hawking considered ͓1͔ that the choice of the boundary conditions for the quantum state of the universe should be made on just compact metrics or noncompact metrics which are asymptotic to metrics of maximal symmetry. While completeness seems to be an appealing property, spaces which are maximally symmetric are desirable for their elegance and great simplicity. At the time, the quest for the boundary conditions of the universe has already collected a number of proposals with the above or similar properties, including Vilenkin's tunneling wave function ͓2͔, the vanishing Weyltensor condition of Penrose ͓3͔, and, perhaps most popularly, the no-boundary proposal of Hartle and Hawking ͓4͔. They have all been thoroughly discussed from different perpectives ͓5͔, particularly by invoking their capability to generate a suitable inflationary mechanism able to solve the original problems of standard cosmology ͓5,6͔, giving at the same time rise to a scale-invariant spectrum of density fluctuations ͓7,8͔, compatible with the present observational status of the universe.
Recent observations of the density of gravitational lenses in the universe ͓9,10͔ and estimates of the present value of the Hubble constant ͓11,12͔ have nevertheless led to the conclusion that the critical density ⍀ has to be smaller than unity, thus favoring an open rather than closed model for the universal expansion. The problem then is that most of the inflationary models compatible with the proposed boundary conditions predict a value for ⍀ very close to unity. In order to solve this problem, Hawking and Turok have recently suggested ͓13͔ the existence of a singular instanton which is able to generate an open inflationay universe within the framework of the no-boundary proposal. Vilenkin has argued ͓14͔ that the singularity of this instanton may have catastrophic consequences and, therefore, some procedures have been advanced ͓15,16͔ to make the instanton nonsingular, while still inducing an open inflationary process. Nevertheless, recent measurements of the most distant supernovas ͓17͔ may question the notion that the universe should be open when one allows the presence of a nonzero effective cosmological constant. This would open the possibility for the universe to be flat and then remove the need for open inflation and, thus, for the Hawking-Turok or Gott proposal.
It is worth noting that as early as 1982 Gott already proposed ͓18͔ a procedure leading to an open inflationary model for the universe. At the time, of course, it was largely disregarded, since it was then generally believed that the universe is closed. Motivated by the present observational status, Gott and Li have now suggested ͓19͔ new boundary conditions based on Gott's original model of open inflation. These boundary conditions assume the existence of a nonchronal region with closed timelike curves ͑CTC's͒ in de Sitter space, separated from the observable universe by a chronology horizon ͓20͔. The resulting model can be compared to, e.g., the most popular no boundary paradigm as follows. Consider first de Sitter space and visualize it by means of the Schrödinger five-hyperboloid with Minkowskian coordinates ͓21,22͔. If we slice this space along surfaces of constant timelike coordinate, then the slices become three-spheres and represent a closed universe. On this slicing both the noboundary and the Vilenkin conditions hold, so that in these models the beginning of the universe can be pictured ͑in the Euclidean framework͒ as being the south pole of the Earth ͓23͔, with time running along the Earth's meridians. Thus, asking what happened before the beginning of the universe is like asking what is south of the south pole. Therefore, these boundary conditions can be regarded to implement the idea that the universe was created out of nothing. Although slicings in standard de Sitter space are, of course, completely arbitrary and, therefore, the key point about, e.g., the HartleHawking proposal is that there is no initial boundary, not whether you consider time to begin at the south pole or anywhere else in the Euclidean region, the picture that follows when one chooses the above particular slicing is highly illustrative ͓23͔, so that we shall now choose another particular slicing of de Sitter space in order to visualize the Gott-Li boundary condition in Lorentzian quantum cosmology. In contraposition to the above approach, one can also slice Schrödinger's five-hyperboloid vertically, i.e., along the only spacelike direction defined in terms of proper time ͓19͔. The resulting slices are negatively curved surfaces, describable in terms of open cosmological solutions. It is on this slicing that the Gott-Li boundary condition can be defined. Since time should now lie along the Earth's equator ͑or actually any of its parallels͒, the origin of time can by no means be visualized or fixed; so asking what was the earliest point is like asking what is the easternmost point on the Earth's equator: there will always be an eastern ͑that is, earlier͒ point. This was implied to mean ͓19͔ that on some region of the slices there must be CTC's. These curves will take the job of always shifting the origin of the cosmological time. Saying then that the universe was created from nothing would be meaningless; what one should instead say is that it created itself ͓19͔.
We have thus two different types of boundary conditions of the universe that may induce it to be open. Whereas the no boundary condition does it by rather an indirect way which involves some suitably modified version of the HawkingTurok instanton, the Gott-Li proposal creates the open universe directly. Is the latter proposal therefore more fashionable than the former? A positive answer to this question could only be made once the Gott-Li model satisfactorily passes some important tests of its consistency. First of all, one has to check whether the multiply connected de Sitter space is classically and quantum-mechanically stable. Li and Gott claimed ͓24͔ that all multiply connected spacetimes with a chronology horizon ͑derived from Misner space͒ are stable to quantum fluctuations of vacuum, but previous work by Kay, Radzikowski, and Wald ͓25͔ and by Cassidy ͓26͔ has raised compelling doubts on this conclusion. The present paper aims at partly filling the above requirements by studying the classical and quantum stability properties of multiply connected de Sitter space. This will be done using both a first-order perturbation procedure paralleling the method devised by Regge and Wheeler ͓27͔ to investigate the stability of Schwarzschild spacetime and a time-quantization procedure ͓28͔ to analyze the regularity of the solution against vacuum quantum fluctuations. Our main conclusion is that multiply connected de Sitter space is stable both classically and quantum mechanically. Clearly, a particular slicing of the de Sitter space may be picked out by the surfaces of constant inflation field, but this is relevant only when inflation ends, because the topology of these slices will determine whether we live in an open or closed Friedman-RobertsonWalker universe. For the same reason, our stability analysis for the static slicing is only developed as a tool to be used on the nonchronal region of de Sitter space. Obviously, the property that ordinary de Sitter space is perturbatively stable must be independent of the used coordinate system. Quantum stability is, however, restricted to hold only in the very small regions where time shows its essential quantum character.
We outline the paper as follows. In Sec. II we briefly review how a multiply connected de Sitter space can be constructed, and show why its nonchronal region must be confined inside the cosmological horizon. The stability of the whole de Sitter space has already been investigated in terms of a global Friedmann-Robertson-Walker metric ͓29,30͔. However, as far as I know, no corresponding research has been hitherto attempted for the de Sitter region covered by static coordinates, that is, the region where multiply connectedness and CTC's should appear. We have performed this study here, first for the simply connected static case in Sec. III and then for the multiply connected case in Sec. IV. This section also contains an analysis of the stability of multiply connected de Sitter space against quantum fluctuations of vacuum. Finally, we summarize and conclude in Sec. V. 
II. MULTIPLY CONNECTED de SITTER SPACE
ds 2 ϭϪ ͩ 1Ϫ r 2 0 2 ͪ dt 2 ϩ ͩ 1Ϫ r 2 0 2 ͪ Ϫ1 dr 2 ϩr 2 d⍀ 2 2 ,
͑2.6͒
where d⍀ 2 2 is the metric on the unit two-sphere. The coordinates defined by Eqs. ͑2.5͒ cover only the portion of de Sitter space with wϾ0 and x 2 ϩy 2 ϩz 2 Ͻ 0 2 , i.e., the region inside the particle and event horizons for an observer moving along rϭ0.
In order to see whether the whole or some restricted region of the de Sitter space can be made to have multiply connected topology, with CTC's on it, we will follow the procedure described by Gott and Li ͓19͔, thus checking whether a symmetry like that is satisfied by the Minkowskian covering to Misner space ͓22͔ somewhere holding in de Sitter space. On the Minkowskian five-hyperboloid visualizing de Sitter space, such a symmetry would be expressible by means of the identification ͓28͔
where b is a dimensionless arbitrary quantity and n is any integer number. The boost transformation in the (v,w) plane implied by this identification will induce a boost tranformation in de Sitter space. Hence, since the boost group in de Sitter space is a subgroup of the de Sitter group, either the static or the global metric of de Sitter space can also be invariant under symmetry ͑2.7͒.
It is easy to see that there cannot exist any symmetry associated with identification ͑2.7͒ on the (v,w) plane which leaves metric ͑2.4͒ invariant for coordinates ͑2.3͒. It follows that the whole of de Sitter spacetime can neither be multiply connected nor have CTC's. However, for coordinates defined by Eqs. ͑2.5͒ leading to the static metric with an apparent horizon ͑2.6͒, the above symmetry can be satisfied in the region covered by such a metric, defined by wϾ͉v͉, where there are CTC's, with the boundaries at wϭϮv and x 2 ϩy 2 ϩz 2 ϭ 0 2 being the Cauchy horizons that limit the onset of the nonchronal region from the causal exterior ͓19͔. Such boundaries become then appropriate chronology horizons for de Sitter space.
III. STABILITY OF STATIC de SITTER SPACE
While our discussion of Sec. II made it clear that multiply connected de Sitter space is mathematically rich and interesting, we still need to know if such a space is indeed a physical object. Therefore, in what follows we shall use a general-relativity perturbation method to investigate the stability of the multiply connected de Sitter universe. Since multiply connectedness and CTC's only appear in the region covered by static coordinates, the extension of the analysis of the cosmologically perturbed global metric for simply connected de Sitter space ͓29,30͔ to a multiply connected topology would unavoidably lead to rather inconclusive results. We instead shall proceed as follows. We first extend the perturbative procedure originally devised by Regge and Wheeler for the Schwarzschild problem ͓27͔ to a cosmological de Sitter space in this section, and then in the next section, we conveniently include the effects derived from the identification ͑2.7͒ in the resulting formalism. In the present paper we confine ourselves to a linear analysis, investigating the stability of simply and multiply connected de Sitter space in first-order perturbation theory by means of a generalization from the refined method developed by Vishveshwara ͓31͔ and Zerilli ͓32͔.
We take as the general background metric g and the perturbation on it as h . The quantity g will be later specialized to be the static de Sitter metric, i.e.,
where we have now denoted Hϭ 0 Ϫ1 for the sake of simplicity, and x 0 ϭt, x 1 ϭr, x 2 ϭ, x 3 ϭ. Metric ͑3.1͒ corresponds to the initial time-independent equilibrium configuration; so the problem to be solved is, then, if metric ͑3.1͒ is somehow perturbed, whether the perturbations will undergo oscillations about the equilibrium state or will grow exponentially with time. The static de Sitter space will be stable in the first case and unstable in the second one.
Since the background is spherically symmetric, any arbitrary perturbation can be decomposed in normal modes given by ͓27͔
Associated with these modes we have an angular moment l and its projection on the z axis, M. For any given value of l there will be two independent classes of perturbations which are respectively characterized by their parities (Ϫ1) l ͑even parity͒ and (Ϫ1) lϩ1 ͑odd parity͒. Furthermore, since the background is time independent, all time dependence of the perturbations will be given by the simple factor exp(Ϫikt), where k is the frequency of the given mode.
In order to derive the equations governing the perturbations, we shall start with the Einstein equations
with g denoting the de Sitter background metric. For the perturbed spacetime, these field equations transform into
͑3.3͒
for small perturbation, with ␦R assumed to contain firstorder terms in h only. Now, since Einstein equations are still valid in the perturbation scheme, we obtain in this approximation that the differential equations that govern the perturbations should be derived from the equations ␦R ͑ h ͒ϭ⌳h .
͑3.4͒
The ␦R 's will be here computed using the same general formulas as those employed by Regge and Wheeler ͓27͔ and Eisenhart ͓33͔, i.e.,
where the semicolon denotes covariant differentiation, and the variation of the Christoffel symbols is given by
After introducing suitable gauge transformations ͓31,32͔, the most general perturbations in static de Sitter space can be written in forms which are similar to those obtained for Schwarzschild space; i.e., for odd parity,
and, for even parity,
In these expressions ''sym'' indicates that h ϭh , P l (cos ) is the Legendre polynomial, and h 0 , h 1 , H 0 , H 1 , H 2 , and K are given functions of the radial coordinate r which must be determined as solutions to the respective wave equations, subject to suitable boundary conditions. and
͑3.12͒
In terms of the Kruskal coordinates, the components of the metric perturbations take the form ͑the components that invove only angular coordinates are the same in the two coordinate systems͒
Ϫ2uvh 01 ͔,
Ϫ2uvh 01 ͔, 
͑3.20͒
We eliminate then kh 0 from Eqs. ͑3.19͒ and ͑3.20͒ to obtain
From Eq. ͑3.15͒ we finally obtain the wave equation
where
is an effective potential and
͑3.24͒
The derivation of the wave equation for the case of evenparity perturbations has more algebraic complications. From ␦R ϭ⌳h and the general expression ͑3.8͒, we obtain first the independent first-order perturbations of the Ricci tensor:
where we have used H 2 ϭH 0 ϵh, which is allowed by the high symmetry of the de Sitter space, and H 1 ϵh 1 . The three first-order equations ͑3.25͒-͑3.27͒ can be used to derive any of the subsequent second-order equations ͑3.28͒-͑3.30͒, provided the following algebraic relationship is satisfied:
The wave equation in a single unknown can now be derived from Eqs. ͑3.25͒, ͑3.26͒, ͑3.27͒, and ͑3.31͒. After a lot of algebraic manipulations we finally obtain We note that D(r) approaches infinity as r tends to the cosmological horizon. The wave equation ͑3.32͒ can also be expressed in terms of another function Sϭh 1 /r:
with D(r) also as given by Eq. ͑3.34͒, which will be most useful in what follows.
B. Odd-parity perturbations
The stability of the static region of de Sitter space to the odd-parity perturbations will be now examined. As in the Schwarzschild case ͓31,32͔, we shall distinguish two different cases: we first consider the situation when the frequency k is pure imaginary, and then we analyze the wave problem that results when that frequency is kept real.
Set kϭi␣. Then, from Eqs. ͑3.22͒ and ͑3.24͒, we have
͑3.37͒
The coordinate r* ranges from Ϫϱ to i/H. The upper limit can of course be made zero by a redefinition of r*, such that now
The effective potential V e f f is real and positive everywhere along this range, and vanishes at r*ϭϪϱ, i.e., on the boundary at rϭH Ϫ1 . The asymptotic solution to Eq. ͑3.36͒ as r approaches the cosmological horizon is Q H ϳexp ͩ Ϯ 1 2 ␣r* ͪ .
͑3.38͒
As r→0, i.e., as one approaches the other boundary where we should require the perturbations to fall off to zero, one can write Eq. ͑3.36͒ in the form
whose general solution can be given in terms of the Bessel functions ͓34͔
Since we should require the pertutbations to vanish as r →0, we have to choose for the Bessel function CϭJ ͓34͔. However, if we take the function Q to be positive, one can see from Eq. ͑3.36͒ that d 2 Q/dr* 2 can never become negative within the entire range of r, from 0 to H Ϫ1 , and the solution that goes to zero at the origin rϭ0 ͓that is, Eq. 
͑3.43͒
Now, since at tϭ0 ͑i.e., on uϭ0) this perturbation becomes
which is clearly divergent at tϭ0 on the horizon, and the physically allowable perturbations should be regular everywhere in space at tϭ0, we see that this perturbation is physically unacceptable, and hence cannot exist. It follows that the odd-parity perturbations with purely imaginary frequency ought to be ruled out. Let us consider now solutions that correspond to real frequencies k. We shall look first at the case of ingoing waves for which the asymptotic solutions near the horizon at r ϭH Ϫ1 are (V e f f ϭ0)
For these solutions it holds that
For the cosmological perturbations in Kruskal coordinates we have then
We note that for ingoing waves the horizon rϭH Ϫ1 should be taken at uϭϪv. Therefore,
Using again exp(Ϫr*)ϭ1/(u 2 Ϫv 2 ) 1/H and e t ϭ͓(vϪu)/(u ϩv)͔ 1/2H , we finally obtain, for this perturbation,
͑3.48͒
Since uϩv→0 on the horizon, at first glance this perturbation appears to be seriously divergent. However, as also happens in the Schwarzschild case ͓31͔, one can build wave packets which are convergent everywhere in space out of the monochromatic waves. If we form the purely ingoing waves into a wave packet by taking A to be a function of k given by the Fourier transform of a function f (q)ϭ͐A(k)exp(Ϫikq)dk, which vanishes for qϽ1, by integrating over k, Eq. ͑3.48͒ transforms into
There cannot be any singularity from the (uϩv) Ϫ1 factor in Eq. ͑3.49͒ because f is nonzero only when i(uϩv)Ͼ1. Thus, h 03 K does not diverge anywhere in space, but it is always purely imaginary.
For outgoing waves, the asymptotic solutions near r ϭH Ϫ1 are given by (uϭv) Q H ϭA exp͑ϩik/2r*͒, r*→Ϫϱ, ͑3.50͒
and, for wave packets formed as before, we finally obtain
which, although coverging everywhere in space, is always purely imaginary, such as happened for perturbation ͑3.49͒. The reason for these perturbations to be imaginary resides in the fact that the argument of the logarithm in the above expressions should be larger than unity, which in turn requires that both u and v be imaginary simultaneously. Note that this does not imply rotation of the time t into the imaginary axis because Kruskal coordinates u and v appear in the form v/u in Eq. ͑3.12͒.
Thus, the main conclusion for odd-parity perturbations is that either they cannot exist whenever their frequency is purely imaginary or they are stable and physically acceptable if their frequency is real. Since in the latter case the solutions are purely imaginary, one can also conclude that such perturbations would not be observable.
C. Even-parity perturbations
In terms of the most covenient function SϭS /(1 ϪH 2 r 2 ), the second-order wave equation for the even-parity perturbations given by Eq. ͑3.35͒, near the horizon at r ϭH Ϫ1 , becomes
Thus, the asymptotic form of the general solution at r ϭH Ϫ1 , S H , would read
2 r* ͪ . ͑3.53͒
As for the boundary at rϭ0, one attains that no perturbation can consistently be expected, since from Eq. ͑3.35͒ we obtain S 0 ϭ0 ͑unless for lϭ0 for which case S 0 is an arbitrary constant͒, and therefore hϭh 1 ϭ0. Hence, we can readily get an expression for h 00 K , independently of the value of the frequency. It follows that the two signs involved in the exponent of Eq. ͑3.53͒ are allowed and should therefore be taken into account in our analysis.
Again we first consider the case where the frequency k is purely imaginary, kϭi␣. Then
We have two distinct cases: case I, for which ͉␣͉Ͼ␣ c ϵ2ͱ2H, and case II, for which ͉␣͉Ͻ␣ c . In case I the asymptotic solution reduces to
is real. Because case II is qualitatively the same as that for real frequencies ͑to be dealt with later on͒, we shall concentrate now on case I only. Since Sϭh 1 /r, near rϭH Ϫ1 , one can assume the asymptotic forms h 1 ϭA exp͑Ϯr*͒, hϭB exp͑Ϯr*͒.
Choosing first the minus sign in the exponent of these two functions, from the equation relating radial functions h and h 1 to one another ͓which can be obtained by suitably combining Eqs. ͑3.26͒ and ͑3.27͔͒, after specializing to rϭH Ϫ1 and kϭi␣, i.e.,
͑3.57͒
Let us now denote ␣ϭϮ⑀H, with ⑀у2ͱ2. Then the analysis of all possible resulting cases ͓including the use of both signs in the exponent of Eq. ͑3.54͔͒ will require considering ϭϮͱ ⑀ 2 4 Ϫ2H.
We shall look at three significant values of ⑀, namely, 2ͱ2, 3, and ϱ, in the following cases: ͑i͒ ␣Ͼ0, Ͼ0 (Bϭͱ2A for ⑀ϭ2ͱ2, Aϭ0 for ⑀ϭ3, and BϭϪA for ⑀→ϱ), ͑ii͒ ␣ Ͼ0, Ͻ0 (Bϭͱ2A for ⑀ϭ2ͱ2, and AϭB for ⑀ϭ3 and →ϱ), ͑iii͒ ␣Ͻ0, Ͻ0 (BϭϪͱ2A for ⑀ϭ2ͱ2, and Bϭ ϪA for ⑀ϭ3 and ⑀→ϱ), and ͑iv͒ ␣Ͻ0, Ͼ0 (Bϭ Ϫͱ2A for ⑀ϭ2ͱ2, Aϭ0 for ⑀ϭ3, and AϭB for ⑀→ϱ).
Clearly, if all of these particular cases led to stability of de Sitter space against the considered perturbations, one could conclude that de Sitter space is stable to such perturbations in all cases. Thus, for case I, the relation between the coefficients A and B for the asymptotic solutions h and h 1 must run between the extreme values for A (B fixed͒, AϭB and AϭϪB, passing on Aϭ0.
For AϭB, the perturbation in the Kruskal coordinates, e.g., h 00 K , are given by ͑angular dependence suppressed͒
.
͑3.58͒
At tϭ0 (uϭ0),
.59͒ is divergent as v→0, except for the case ␣ ϭϪ⑀H, Ͼ0 or very large, for which case h 00 K ϭϪF 2 A. Hence, except for this case, all perturbations are physically unacceptable, as they all diverge at the initial time tϭ0.
For BϭϪA, we have
͑3.60͒
which at tϭ0 (uϭ0) reduces to
We note that all of these perturbations are physically unacceptable, except for the case ␣ϭϪ⑀H, Ͻ0, with ⑀ϭ3, where h 00 K ϭiF 2 Av. Finally, when Aϭ0, we obtain
͑3.62͒
Again at tϭ0 (uϭ0), this perturbation reduces to
͑3.63͒
It can easily be checked that in all cases, without any exception, Eq. ͑3.63͒ diverges as v→0, and therefore this perturbation is physically unacceptable and should be ruled out. We are in this way left with two physically acceptable even-parity perturbations for purely imaginary frequencies in case I: that given by Eq. ͑3.58͒ for negative ␣, positive , and very large ⑀ and that given by Eq. ͑3.60͒ for negative ␣, negative , and ⑀ about 3. Since negative values of ␣ correspond to the case of outgoing perturbations for which uϭv on the horizon rϭH Ϫ1 , these perturbations will be stable as the resulting powers to the factor (uϪv) are positive definite in both cases. Note, furthermore, that at least the perturbation given by Eq. ͑3.60͒ is always purely imaginary. Thus, evenparity perturbations with purely imaginary frequency in case I either are physically unacceptable or, unlike in Schwarzschild space ͓31͔, are stable and most of them imaginary.
In the case that k is kept real the asymptotic general solution on the cosmological horizon has already been given by Eq. ͑3.53͒. The analysis to follow will also be valid for purely imaginary frequencies satisfying the condition implied by case II, with the asymptotic solution being given by Eq. ͑3.54͒ in this case. For real frequencies, the relation between h and h 1 is
͑3.64͒
where we have specialized to the region rϭH Ϫ1 . Let us now assume, as was made for purely imaginary frequencies, that the asymptotic forms for h and h 1 near the cosmological horizon are given by h 1 ϭA exp͑Ϫir*͒, hϭB exp͑Ϫir*͒, ͑3.65͒ in which we have introduced the shorthand notation
From Eqs. ͑3.64͒ and ͑3.65͒ we get
Restricting ourselves to the case k 2 ӷH 2 , so that Ӎk/2, we see that there are two solutions: when kӍ2 ͑ingoing waves͒, AϭϪB, and when kӍϪ2 ͑outgoing waves͒, A ϭB. Suppressing again the angular dependence of the perturbations, we can then compute such perturbations in Kruskal coordinates. In the case of ingoing waves, uϭϪv on the horizon, and we have
and, for outgoing waves (uϭv),
Clearly, the perturbations ͑3.68͒ and ͑3.69͒ are stable near the cosmological horizon and everywhere inside it, even in the forms given by these equations, without building suitable wave packets by superposing them. This analysis can readily be generalized to any values of k and H, obtaining the same conclusion.
IV. STABILITY OF MULTIPLY CONNECTED de SITTER SPACE
In Sec. III we have investigated the stability properties of the simply connected de Sitter region covered by static coordinates. We had to do so because, as far as I know, such an analysis had not been carried out so far, and we needed it to prepare our system to study the perturbations when the coordinates involved are identified in such a way that this region of de Sitter space becomes multiply connected topologically, such as was discussed in Sec. II. We have obtained that on the static region, the de Sitter space is also stable to the first-order perturbations that satisfy its symmetries.
A. Classical perturbations
We shall now study the effect that topological multiple connectedness has on the stability of de Sitter space. Because of the high symmetry of this space, the time parameter t always appears in the form of a factorized exponential factor in all perturbations, either as exp(Ϯ␣t), if the frequency of the perturbative modes is purely imaginary, or as exp(Ϯikt), if that frequency is kept real. Thus, we can generically write the time factor as exp͓g(k)t͔, with g(k) a given function of the mode frequency. From our discussion in Sec. II, it fol-lows that de Sitter space can be made multiply connected by simply including the time identification t↔tϩnb/H, with b a dimensionless arbitrary period and n any integer number. This will amount to the insertion of an additional factor exp͓nbg͑k͒/H͔ for each value of the integer n in the distinct expressions for the first-order perturbations obtained in Sec. III. In order to take into account all possible values of n, along its infinite range, one then should coveniently sum over all n, from 0 to ϱ, introducing the statistical factor 1/n! to account for the equivalent statistical weight one must attribute to all of these contributions. Thus, the general expression for the perturbations in multiply connected de Sitter space would be
where h i j K generically denotes the first-order perturbations in Kruskal coordinates for simply connected de Sitter space which were computed in Sec. III.
In what follows we shall perform the calculation of the relevant h i j K (b) for all physically acceptable perturbations. We shall first restrict ourselves to the regime where both kb/H and ␣b/H are much smaller than unity; i.e., we will work in the regime characterized by nonchronal regions and CTC's whose size is very small. As will be seen below, this is the regime of most physical interest where vacuum quantum fluctuations can be kept convergent everywhere. Let us start with odd-parity perturbations with real frequency. For the case of ingoing waves, we have, for the asymptotic solution at rϭH Ϫ1 ͓35͔,
For small values of kb/H, Eq. ͑4.2͒ can be approximated to
͑4.3͒
Forming again a wave packet out of monochromatic perturbations ͑4.3͒, we finally obtain, for this type of wave,
which still is a convergent expression for all times. If we let b be complex, so that bϭbϩi/2, then Eq. ͑4.4͒ becomes not only convergent but purely real as well.
For outgoing waves, an analogous calculation leads finally to the perturbation
which is also always covergent and purely real if we similarly let b be complex and given by bϭbϪi/2. We can then conclude that in the considered regime, multiply connected de Sitter space is stable to all odd-parity perturbations that are physically acceptable.
For even-parity perturbations which also are physically acceptable we have ͓35͔
for any value of kb/H. Thus, making the de Sitter space multiply connected preserves the stability of these perturbations and increases their amplitude, especially for small values of b␣/H. Next we consider even-parity perturbations with real frequency. We first note that in this case the perturbations corresponding to the asymptotic solutions near rϭH Ϫ1 can also be expressed in terms of wave packets in the simply connected case. They are
for ingoing waves, and
for outgoing waves. Because of the form of the Kruskalcoordinate-dependent prefactor, these expressions are real in any case. When we multiply connect the de Sitter space in the regime of small values of kb/H, Eqs. ͑4.7͒ and ͑4.8͒ transform into
Ϫb ͪͬ , ͑4.9͒
͑4.10͒
for outgoing waves. Note that the argument of the function f becomes real when we allow b to be complex and given by bϭbϮi/2, with the ϩ sign for ingoing waves and the Ϫ sign for outgoing waves. Anyway, the perturbations given by Eqs. ͑4.9͒ and ͑4.10͒ keep being convergent and, therefore, one can conclude that in the regime of very small values of order perturbation formalism analogous to that which was originally developed by Regge and Wheeler for the Schwarzschild metric ͓27͔, we have shown that multiply connected de Sitter space is classically stable to these perturbations, no matter the size of the static region. Although stability against higher order perturbations has not been checked in this paper, one would expect these perturbations not to introduce any instabilities, such as occurs in Schwarzschild spacetime ͓27͔. By continuing the Kruskal extension of the multiply connected, static de Sitter metric into its Euclidean section, we have also argued that quantum vacuum fluctuations should not induce any divergence on this space, provided the nonchronal region and the CTC's on it are all sufficiently small, probably of the order of the Planck size ͓28͔. We therefore consider multiply connected de Sitter universes to be genuine components of any future description of a well-defined theory of quantum gravity. In particular, the considered stable little multiply connected universes should be included, together with Euclidean and multiply connected wormholes ͓20͔, ringholes ͓40͔, Klein bottleholes ͓41͔, and virtual black holes ͓42͔, as components of the vacuum quantum spacetime foam, where their CTC's would contribute the required violation of causality that governs the foam. Thus, Planck-sized de Sitter universes containing CTC's can help to define the boundary conditions of the universe we live in, probably along the lines recently suggested by Gott and Li ͓19͔ and discussed in the Introduction of this paper.
To close up, I would like to refer to the interesting possibility that the Hartle-Hawking and the Gott-Li conditions might both be seen to imply initial physical pictures which, at least in a way, appear to be complementary. In classical relativity time and spatial coordinates can still be distinguished by the fact that, whereas spatial coordinates do not single out a particular sign to run over, time can only run forwards. This does not help, nonetheless, to understand the Lorentzian signature of the classical metrics which are not positive definite. However, as we approach the regime of the quantum spacetime foam, the entirety of this distinction can be thought to vanish, since in such a regime there will be CTC's everywhere and hence the two time directions would become equally allowable and, at the same time, metrics can be taken to be positive definite. In order to describe the quantum origin of the universe, one then can either keep CTC's and Lorentzian signatures simultaneously, as assumed by Gott and Li, or disregard CTC's while using the Euclidean signature where time becomes spacelike, as suggested by Hartle and Hawking. As seen in this way, the two pictures would actually describe rather complementary aspects of the initial physical situation.
